[1] Snow avalanches are a threat in many populated mountainous regions, and deflecting dams are often built to divert them away from people, and infrastructure, into less harmful areas. When an avalanche is deflected by a dam or wedge, it often generates rapid changes in the flow thickness and velocity, which can be modeled as an oblique shock wave. This paper reviews classical oblique shock theory, which was originally developed for shallow water flows, and uses it to make predictions of the maximum runup height on a deflecting dam, the downstream flow velocity, and the width of the channelized stream. The theory is used to investigate field observations of snow avalanches at Flateyri in Iceland, where a dam has deflected two avalanches away from the town and produced a channelized stream that flowed parallel to the dam. The results indicate that there is no one single set of upstream flow conditions that parameterizes the flow behavior, but the solution evolves as the avalanche propagates along the dam in response to the deceleration imposed by the slope. Fully time-dependent shock capturing numerical simulations of the Skollahvilft avalanche, which hit the dam on 21 February 1999, are used to show how the channelized stream widens as the avalanche slows down and thickens toward the end of the runout zone. The oblique shock relations nevertheless provide useful local order of magnitude estimates for the flow conditions immediately upstream of the shock. 
Introduction
[2] Many geophysical granular flows occur as dense freesurface avalanches that are driven downslope under the action of gravity. Examples are snow avalanches, dense pyroclastic flows, debris flows and lahars [Savage and Hutter, 1989; Sparks et al., 2002; Iverson, 1997; Vallance, 2000] . Early models for these flows were formulated by direct analogy with shallow water flows during the 1960s and 70s [e.g., Grigorian et al., 1967; Kulikovskii and Eglit, 1973] . Formally, such models can also be derived by using a long-wave approximation [e.g., Savage and Hutter, 1989; Gray et al., 1999b Gray et al., , 2003 Wieland et al., 1999] for small variations in the flow height and slope topography. In these theories, the shallow water equations are essentially supplemented by source terms that arise from gravitational acceleration, Coulomb basal friction and topography gradients, which significantly complicate the flow. These continuum theories reflect the weak scale dependence observed in geophysical mass flows for flow volumes below 10 6 m 3 [e.g., Scheidegger, 1975] . This is a very useful feature as it implies that small-scale experiments can yield significant insight into phenomena that would otherwise be difficult to observe.
[3] In this paper we focus on the formation of oblique shock waves that form when a high Froude number flow is deflected by a wedge, or obstacle, which is inclined at an angle to the incoming flow [e.g., Gray et al., 1999a Gray et al., , 2003 Irmer et al., 1999; Hákonardóttir and Hogg, 2005; Gray and Cui, 2007] . In most situations the shock, which is marked by a rapid change in thickness and velocity, is approximately linear and lies at a slight angle to the wedge. It therefore concentrates the flow into a narrow stream with enhanced momentum per unit area that has the capacity to lead to longer runouts. Figure 1 shows a small-scale laboratory experiment in which an oblique shock is generated by a wedge. The avalanche flows downslope from left to right on a chute inclined at 38°to the horizontal and a narrow region develops close to the wedge, in which the flow thickness is dramatically increased, the flow speed is slightly reduced and the flow direction is rotated parallel to the wall. These regions are often obscured by the saltation layer and the powder cloud in full-scale geophysical flows, but observations from the deflecting dams in Flateyri [Sigurdsson et al., 1998; Jóhannesson, 2001] provide considerable evidence that they also develop in exactly the same way in large-scale avalanches. The classical oblique shock theory [e.g., Rouse, 1938; Ippen, 1951; Stoker, 1957] was originally developed for shallow flows of water and assumes that the flow is steady, uniform and fully devel-oped, and that there are no effects due to source terms in the momentum balance equations. Most, if not all, of these assumptions will only be approximately true in geophysical flows, but this paper shows that the classical theory yields very useful approximations for interpreting field data and designing deflecting dams.
Oblique Granular Shocks
[4] Consider an avalanche of thickness h 1 and velocity u 1 on a slope inclined at an angle z to the horizontal, which is deflected away from the downslope direction by a wedge at angle q. If the incoming Froude number Fr 1 = ju 1 j/ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi gh 1 cos z p is greater than unity, where g is the gravitational acceleration, an oblique shock is generated at an angle b with respect to u 1 . Across the shock, the avalanche thickness jumps to h 2 , and the velocity jumps to u 2 . The changes in height and velocity are governed by the mass and momentum jump conditions [e.g., Gray et al., 2003] 
where g 0 = g cos z is the reduced component of gravity. Eliminating ju 2 j from (1) and (2) gives
[5] Substituting (1) and (4) into (3), eliminating h 2 and ju 2 j, and using the definition of Froude number we have
This is a quadratic equation with respect to tan(b À q), which yields the shock-deflection angle relation
for the wedge angle q as a function of the shock angle b and the incoming Froude number Fr 1 . This is plotted in Figure 2 . For any given incoming Froude number Fr 1 > 1, there are two values of the shock angle b, provided the wedge angle q is less than the detachment angle q d . The larger value of b corresponds to a strong shock (short-dashed curve), while the smaller value corresponds to a weak shock (solid curve). Across the strong shock the downstream Froude number Fr 2 < 1 and the flow is subcritical, while across the weak shock, in most cases, Fr 2 > 1 and the flow is supercritical. This is important for both physical and numerical applications because it determines the appropriate number of boundary conditions. Since strong shocks are subcritical downstream they always require both upstream and downstream boundary conditions. While most weak shocks are supercritical downstream and require only an upstream condition, which makes them naturally favored to occur at deflecting dams. Our discussion therefore focusses on weak shocks, although it is possible to generate strong shocks [Gray and Cui, 2007] by careful control of the upstream and downstream boundary conditions. Weak and strong shock solutions are separated by the detachment angle q d . For any Fr 1 , if q > q d , no solutions exist for a straight oblique shock. Instead, the shock will be curved and detached.
[6] The shock deflection angle relation (6) also solves for flow changes across shocks once b and q are given. Rewriting (4) yields an equation for the ratio of the thickness change across the shock
This is illustrated in Figure 3 , which shows that larger inflow Froude numbers and larger deflection angles lead to higher-thickness jumps for weak shocks. Substituting (7) into (1) yields an equation for the ratio of the velocity magnitudes across the shock
Figure 1. Overhead and perspective views of an oblique shock, which is generated when a granular avalanche propagates past a wedge inclined at 25°to the downslope direction. The flow is from left to right with upstream Froude number Fr 1 = 5. The chute and camera are inclined at 38°to the horizontal.
F04012 CUI ET AL.: SHOCK WAVES AND SNOW AVALANCHES which is illustrated in Figure 4 . For weak shocks, ju 2 j/ju 1 j decreases with an increase of q and increases with increasing upstream Froude number Fr 1 .
[7] Introducing the momentum per unit avalanche area p = hu, then from (7) and (8) we have the momentum magnitude ratio
for valid b and q in [0, p/2] as shown in Figure 5 . The downstream momentum per unit area is enhanced for both strong and weak shocks, due to the lateral convergence of the flow as it moves through the shock. This implies that deflecting dams concentrate the flow into a more powerful channelized stream along the dam axis, which leads to greater impact forces on structures that may happen to stand in the way of the avalanche and can also increase the runout distance of the avalanche in this direction. This enhancement may be critical if roads or buildings lie in the deflected avalanche path.
Comparison With Field Data at Flateyri
[8] Snow avalanches occur frequently in Iceland. The northwest town of Flateyri is among the worst affected. It faces the Innra-Baejargil gully in the north west and the Skollahvilft gully in the north east (see Figure 6 ). Two wedge-shaped dams have been built in each direction to deflect avalanches coming from both gullies. According to Sigurdsson et al. [1998] and Jóhannesson [2001] , snow avalanches may reach the dams at Froude numbers of about 7-11. Shock waves are therefore expected and the dam should be designed to be high enough to divert the flow after the shock, without the avalanche overtopping the dam. Hence the actual height of the dam h d must be greater than h 2 plus the static depth of snow h s on the terrain before the avalanche falls
Figure 2. Oblique shock deflection angle curves for Fr 1 = 1.5, 2, 3, 5, 8, 15, 50, 500, 1. The solid curves denote weak shock solutions, and the short-dashed curves denote the strong shock solutions. The transition between them is indicated by a long-dashed curve and corresponds to the detachment angle q d . The dash-dotted curve represents the Fr 2 = 1 curve.
In addition, the dam must be high enough to prevent uninterrupted supercritical overflow without the formation of a shock.
[9] Sigurdsson et al.
[1998] described a series of calculations based on a simple point mass model for the loss of kinetic energy as a particle runs up the dam wall, which they used to design the defences as Flateyri. In their calculations The solid curves correspond to the weak shock, the dashed curves correspond to the strong shock, and the dash-dotted curve marks the transition q d .
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À1
, typical flow thickness could be 3 m, typical slope inclinations were 20°and the flow deflection angle was approximately 18°. This also provides enough information to apply the oblique shock theory, assuming that the flow is locally steady and uniform for a sufficiently long period for a quasi-steady oblique shock to form. It predicts that the shock angle b = 22.2°$ 23.1°and typical downstream flow depth h 2 = 14.3 $ 16.7 m, as shown in Table 1 , h 1 = 2 m, q = 25°and z = 10°, implies that the shock angle b = 30.6°$ 32.7°is larger, and that the downstream flow depth h 2 = 9.5 $ 12.1 is less. Assuming a static snow depth of 2 m, this suggests that the dam should be at least 11.5 $ 14.1 m high, which is comparable to the design height of 15 m.
[10] Jóhannesson uncertainty about whether some of the marks were due to the saltation layer riding on the top of the dense part of the avalanche. The maximum measured height of flow marks was 13 m at Skollahvilft and 12 m at Innra-Baejargil, which are significantly higher than the downstream flow depth suggested by the oblique shock theory. However, these values are in good agreement with Jóhannesson's observations of the avalanche deposit, which reached a maximum height of 7.5 m by the dam at Skollahvilft. He also measured the channelized flow width L n at the end of the dams [see Jóhannesson, 2001 , Figure 6 ]. The oblique shock relations allow us to make an approximation for this, assuming that the avalanche impinges with the dam over a length L i , by the formula
where L i and L n are shown in the inset diagram in Figure 2 . The ratio L n /L i is plotted as a function of the wedge angle q and the inflow Froude number Fr 1 in Figure 7 . At Skollahvilft the assumed flow conditions imply that the width of the stream will be 30 $ 34 m at the end of the dam with L i = 350 $ 400 m, which is less than half the measured value of 70 $ 80 m. However, the numerical solutions in section 5 show that the predicted angle b is a very good approximation for the shock angle just after the first impingement of the avalanche. This would indicate that the channelized flow is considerably narrower during much of the flow than the final deposit might suggest. At Innra-Baejargil the undisturbed avalanche flow only impinged at a finite length of the dam L i = 200 $ 250 m, implying that the flow width L n = 18 $ 22 m, which is again narrower than the measured value of 50 m. 
Inverse Calculations
[11] The calculations that we have just made are based on estimations of the inflow velocity and thickness as the avalanche first impinges on the dam, where the Froude number is highest. As the avalanche moves along the dam it decelerates and thickens, causing the Froude number to decrease significantly. The approximate speed and thickness of the flow in the final stages of runout can be inferred from the field observations by back calculation. Assuming that we know the impingement length L i of the avalanche at the dam and the normal width L n of the channelized stream at the end of the impingement, the shock angle
where q is the deflection angle of the flow. For the 1999 avalanche at Skollahvilft the channelized flow width L n = 70 $ 80 m, the impingement length is chosen L i = 400 m and the deflection angle q = 20°, which implies that the shock angle b = 29.9°$ 31.3°.
[12] Since b and q are known, the shock deflection angle equation (6) allows us to determine the upstream Froude number Fr 1 . In this case, it implies that Fr 1 = 4.8 $ 5.3, which is considerably less than the Froude number as the avalanche initially impinges on the dam. Assuming that the upper flow marks observed by Jóhannesson [2001] were formed by the dense core, the downstream thickness h 2 of the avalanche could have been as high as 12 m. It follows from equation (7) that the upstream thickness h 1 = 3.6 $ 3.9 m, which is nearly four times the assumed flow height used in the direct calculation and appears unrealistically thick. This may be indicative that the upper brushed snow marks at Skollahvilft were indeed created by a saltation layer rather than the dense flowing core as Jóhannesson [2001] suspected, or, perhaps, are due to splashing in the initial impact of the avalanche with the dam as has been observed experimentally by Há konardó ttir and Hogg [2005] .
[13] Jóhannesson [2001] also observed debris from the dense flow deposit at a maximum height h 2 = 7.5 m. This would imply that the inflow height h 1 = 2.3 $ 2.5 m, which is in closer agreement with Jóhannesson's estimate of h 1 = 1 m. This still seems unrealistically thick given that final deposits in the undisturbed region of the avalanche are 1 m, or less, although it should be noted that this prediction is based on the maximum deposit height at the dam, rather than average values. Since the upstream Froude number Fr 1 has been back calculated and the slope angle z is known, an approximation for the upstream velocity can be calculated from Table 2 along with calculations for Innra-Baejargil. These predict an inflow thickness h 1 = 3.3 m and velocity ju 1 j = 27.1 m s À1 for Innra-Baejargil with L i = 250 m, but these are upper estimates based only on maximum flow marks. As for Skollahvilft, this upstream thickness seems unrealistically high given that the final deposit in the undisturbed region is 1 m or less. It is worth noting that the shock deflection angle relations are much more sensitive to changes in velocity than they are to changes in thickness. Back-calculated estimates for the upstream velocities are therefore likely to be much more accurate than for the upstream thickness.
Time-Dependent Simulations
[15] The classical oblique shock solutions and the associated inverse method for determining the upstream flow conditions rely on the fact that the flow is, at least locally, steady and uniform. In general this will not be the case, because geophysical flows are necessarily of a finite duration and there are usually source terms that drive the flow and lead to nonuniformities. In this section we describe a general system of equations to calculate the full timedependent behavior of the flow as it impinges on a finite length deflecting dam.
[16] The system of equations is formulated in a slopefitted orthogonal curvilinear coordinate system Oxyz [Gray et al., 1999b] with the x axis orientated with the mean downslope direction, the y axis cross slope and the z axis being the upward pointing normal. The z = 0 plane therefore generates a mean reference surface that is independent of y. The slope topography z = b(x, y) in curvilinear coordinates is constructed by differencing the digital terrain map (DTM) from the reference surface. Figure 8 shows the original DTM, the local inclination angle z(x) of the reference surface and the basal topography height b(x, y) in curvilinear coordinates. This system has the advantage that it ensures that the shallowness assumption, which is inherent in most geophysical mass flow models, is satisfied as closely as possible.
[17] Gray et al. [1999b] showed that the depth-averaged mass and momentum balances for the avalanches thickness h and the down and cross-slope velocity components, u and v, are 
where the source terms on the right-hand side
are due to gravity acceleration, Coulomb basal friction and topography gradients. The basal friction coefficient m = tand, where d is the basal angle of friction, and k = À@z/@x is the local curvature of the reference surface.
[18] The system of equations (14) - (16) is solved numerically using a high-resolution shock-capturing NT scheme based on the nonoscillatory central method of Nessyahu and Tadmor [1990] . These schemes have been used by Gray et al. [2003] to accurately simulate complex granular flows around pyramidal obstacles, where shock waves, dead zones and grain free vacua are generated. Here we use the scheme of Jiang et al. [1998] which has the advantage that it uses a nonstaggered grid. Computations are performed using a simple ''MinMod'' limiter and the CFL condition is used to control the time step. In order to resolve the topography and the development of the shock wave as it impinges upon the dam in sufficient detail, a high-resolution rectangular uniform mesh is constructed that covers the neighborhood of the dam as shown in Figures 6 and 8 . The domain is 776 m long and 322 m wide, with a spatial resolution of Dx = 2 m and Dy = 1 m and starts 100 m upstream of the dam.
[19] As we are not computing the full evolution of the avalanche from the starting zone, we must prescribe upstream boundary conditions along the inflow boundary as a function of time. According to the observed avalanche track for the 21 February 1999 Skollahvilft avalanche, it entered our subdomain at x = 0 in the range 110 y 220 m. To match the track in the initial part of the domain, close to the inflow point, we assume that from t = 0 until t top = 18 s the avalanche thickness and velocity are , especially considering that some of the mass was deposited even before entering the computational domain. The grid is initially empty and computations are performed with a simple Coulomb dry friction law with a basal angle of friction d = 14°as suggested by Jóhannesson [2001] and assuming that there is no erosion or deposition.
[20] The results are illustrated in Figure 10 and Animation 1. The avalanche initially propagates into the domain and is accelerated downslope, because the slope inclination z is greater than the basal angle of friction d for x 200 m. As the avalanche first impinges upon the dam between 10 and 15 s the flow velocity is close to 30 m s À1 and the avalanche thickness is close to 1 m as suggested by Jóhannesson [2001] . The initial shock angle is therefore very close to 24.9°predicted by the oblique shock theory in section 3, i.e. the initial channelized stream after the shock is indeed quite narrow and maximum downstream flow thicknesses are close to 5 m at this point. As the avalanche progresses down the length of the dam it decelerates, as z À d is negative for x > 200 m. This leads to reduced upstream velocities and increased upstream thicknesses prior to the shock, producing a reduced Froude number and a greater shock angle with the dam. The channelized region of the flow, downstream of the shock, therefore becomes wider farther down the dam and is close to the observed width of 70 $ 80 m by the end. The simulated flow velocities in x 2 (400, 600) at t = 20 and 25 s are close to those predicted by the back calculation in section 4, although the upstream flow thickness immediately prior to the shock are somewhat less. The numerical simulations therefore suggest that backcalculated values from field observations provide reasonable approximations for the flow conditions just prior to final deposition. The maximum downstream thickness is 6.5 m by t = 30 s, which is close to the maximum height of the avalanche deposit against the lower part of the dam. The enhanced momentum per unit area and increased internal pressure in the channelized region downstream of the shock, provides additional driving force to push the avalanche front farther downstream. The simulated channelized section of the avalanche has therefore propagated 70 m farther downhill than the undisturbed front by t = 30 s. Note that although the numerical computations are in good agreement with field observations, the avalanche stops much more rapidly after t = 30 s than is suggested by the simulations. It is possible that this rapid lockup is due to a deposition front that propagates rapidly up through the avalanche once sufficient momentum is lost, but there are currently no theoretical models to describe this process. As a result the final simulated deposit at t = 50 s is unrealistic.
Conclusions
[21] The time-dependent numerical simulations of the 21 February 1999 Skollahvilft avalanche show the clear formation of an oblique shock wave along the deflecting dam at Flateyri in Iceland. In order to accurately simulate the formation of the shock, it is necessary to use very high resolution grids that adequately resolve the topography of the dam. Many existing calculations fail to resolve the topography in sufficient detail and the computed avalanche may flow over the dam. The dynamics of the interaction are complex because the local upstream conditions are strongly affected by the source terms, which can in turn lead to significant changes in the local Froude number and hence the observed shock angle, the downstream velocity and the downstream thickness. On a decelerative slope, such as at Flateyri, the oblique shock has a tendency to bend away from the dam and increase in thickness, with increasing time and downstream distance in response to reductions in the local Froude number. The channelized region where the shock develops has enhanced momentum per unit area and enhanced internal pressure, which can in turn lead to longer runout distances. This may put otherwise safe areas at risk. Very simple calculations using the classical oblique shock theory, provide useful local approximations that are in close agreement with field observations and the numerical simulations at Flateyri. There is no one set of upstream conditions to describe the flow, but a range of values that reflect 1/. the conditions close to the initial impingement of the avalanche on the dam and 2/. the final stages of flow in the runout zone prior to the rapid final lockup.
